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a b s t r a c t

The examination of mathematical and cognitive fidelity for math related websites has been studied by Web
designers; yet teachers, and especially pre-service teachers, as users of technology in the classroom, also
need to be familiar with pedagogical, mathematical, and cognitive fidelity. What is pedagogical, mathemat-
ical, and cognitive fidelity; and, what makes a math website high in pedagogical, mathematical, and cogni-
tive fidelity are discussed in this article. Evidence is shown that technology high in pedagogical,
mathematical, and cognitive fidelity, when used in the classroom, improves student academic achievement.

� 2008 Elsevier Ltd. All rights reserved.

1. Introduction

The use of technology has been given the charge to reshape the
teaching and learning of mathematics by the National Council of
Teachers of Mathematics (2003). This formidable challenge has
meet with various obstacles from lack of quality math based tech-
nology applications to teachers ill equipped to choose and apply
technology within their classrooms (Ball, 2003; Wilson, 2008).
The issue has been met with a return to pedagogical, mathematical
and cognitive fidelity (Dick, 2008). Technology designers have been
encouraged to plan technology that is doable within the context of
a well defined math object where a clear outputted pattern is dis-
cernable and based on predictable emerging processes. The tech-
nology’s environment is purposefully designed to foster
interactive, testing, revisiting, revising, and applying. Conjectures
are active components used to build relationships and encourage
reflective thought. Teachers also need to see technology from a de-
signer’s perspective (Dick, 2008). Is the technology application
pedagogically sound, mathematically true and cognitively defined
to deepen understanding? If the technology is faithfully used to
create the rich relatable mathematical patterns, adds to cognitive
connections that bring logic and reasoning to our environment,
and allow us to do the mathematics (explore, conjecture, test,
and apply) rather than be taught only to do procedural steps, tech-
nology deepens mathematical understanding and encourages stu-
dents to work at higher levels of generalization or abstraction
(National Council of Teachers of Mathematics, 2000).

1.1. Problem

In today’s world technology is essential in teaching and learning
mathematics (NCTM, 2000). The technology influences the mathe-

matics that is taught and enhances students’ learning, but not all
technology leads to a better understanding of mathematics (Kulik,
1994; Schacter, 1999; Sivin-Kachala & Bialo, 1999; Waxman, Con-
nell, & Gray, 2002; Wenglinsky, 1998). It is imperative to select and
use appropriate and pedagogically sound instructional technology
(NCTM, 2000). Wilson (2008), ‘‘In thinking about a deeper knowl-
edge of mathematics and technology, we need to focus on the
mathematical and technological knowledge needed for teaching,
which differs substantially from general mathematical or techno-
logical knowledge (Ball, 2003; Ball & Cohen, 1999; Shulman,
1986) (p. 417).” The Association of Mathematics Teacher Educators
(AMTE) in their position paper strongly endorses the idea that one
cannot truly be an effective teacher of mathematics in today’s
classroom unless one has the knowledge and experiences needed
to incorporate technology. The problem rests on having the expe-
rience of choosing technology applications geared specifically for
math education that are faithful to Shaffer and Kaput’s charge
(1999) to create computer environments that strive to give
students fluency in varieties of representational systems, provide
opportunities to create and modify representational forms, develop
skill in making and exploring virtual environments, and emphasize
mathematics as a fundamental way of making sense of the world.

1.2. Background

Jonassen (1996) and the National Council of Teachers of Math-
ematics (2000) have suggested technology motivates rethinking of
curricula, creates new ways to teach and supports accessibility.
Computer technology, according to many theorists (Connell,
2001; Sfard & Linchevski, 1994; Shaffer & Kaput, 1999; Wilhelm,
Confrey, Castro-Fiho, & Maloney, 1999), enhances the very nature
of mathematical thinking and mathematics itself. Because technol-
ogy is taking a leading role in mathematics education (American
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Mathematical Society, 2005), key guidelines are needed to help
teachers select and use appropriately instructional technology for
teaching mathematical concepts.

1.3. Math objects

Heid (2003) suggests that understanding specific mathematical
concepts, including the distinction and interaction between pro-
cess and object understandings of a mathematical concept, are cru-
cial to explaining mathematical thinking at the secondary and
postsecondary level. For example, students who have a process
understanding of a mathematical concept think of the concept only
in terms of a procedure. Such students possessing only a process
understanding of function might think of a function only in terms
of a rule for obtaining output values. They would recognize
f(x) = 3x + 4 as multiplying an input value by 3 and adding 4, and
might not acknowledge the linear nature of the function (Davis,
1979). In contrast, an object understanding of functions would en-
able one to operate on functions as entities, compose two func-
tions, and think of the result as another function. By allowing
students to directly manipulate such mathematical entities as var-
iable expressions, function rules, and equations, technology gives
access to the tools of mathematics and serves to provide students
a deeper understanding of the objects on which the tools operate
(Heid, 2003).

Connell (2001) sees the relationship of manipulating objects as
the first and foundational step in object reification. Before a con-
cept is truly understood its mathematical object must be manipu-
lated and conjectures made during the process which lead to
further manipulations, conjectures and problem solving. According
to Connell (2001), the cycle starts with the manipulation of an ob-
ject, a mathematical construct that yields a desirable result, the
manipulations continues until a framework of belief is constructed,
the object is then sketched, which leads to constructing a mental
object to be manipulated mentally. Finally, it becomes an abstract
object where it is conceptualized and then can be used to construct
more mathematical knowledge and other objects. The process is
cyclical and generative and supports flexible inquiry.

Web-based interactive math objects lend itself to action on ob-
jects as do many technology-driven math objects. A math object
enhanced with technology offers manipulations, multiple repre-
sentations, multiple entry points, and provides opportunity to test,
revisit, revise, and apply mathematical patterns. According to Shaf-
fer and Kaput (1999) a computer environment should strive to give
students fluency in varieties of representational systems, provide
opportunities to create and modify representational forms, develop
skill in making and exploring virtual environments, and emphasize
mathematics as a fundamental way of making sense of the world.
Wilhelm, Confrey, Castro-Filho, and Maloney (1999) indicate that
the use of linked, multiple representations may enable students
to learn crucial mathematical skills quicker and in more depth.

Virtual manipulatives (Moyer, Bolyard, & Spikell, 2002), interac-
tive, visual representations, are often mistaken as math objects but
a math object is defined further as a mathematical construct, a con-
cept, procedures, or theories which progressively emerge and
evolve in response or solution to external or internal problems
(Batanero & Godino, 1998). A virtual manipulative is defined as
‘‘an interactive, Web-based visual representation of a dynamic ob-
ject that presents opportunities for constructing mathematical
knowledge” (Moyer et al., 2002, p. 373). They have also been de-
fined as ‘‘computer based renditions of common mathematics
manipulatives and tools” (Dorward, 2002, p. 329). Virtual manipu-
latives are often dynamic visual/pictorial replicas of physical
manipulatives (such as pattern blocks, base-10 blocks, geometric
solids, tangrams, or geoboards). As Heid mentioned math objects
are more than a representation, they embrace both the process

and object to deepen understanding of the mathematical construct.
Virtual manipulative can evolve into math objects, but we cannot
assume all virtual manipulative are math objects until acted on,
patterns perceived, and a new math object emerges to deepen
mathematical understanding.

1.4. Pedagogical fidelity

Technology’s pedagogical fidelity in the math classroom is
about allowing students to ‘do’ mathematics and not be distracted
or limited by technical features. According to Dick (2008), the stu-
dent should perceive the tool as (a) facilitating the creation of
mathematical objects, (b) allowing mathematical actions on those
objects, and (c) providing clear evidence of the consequence of
those actions. This places emphasis on active student participation
in investigation and sense making which parallels the constructiv-
ist perspective (Gadanidis, 1994) that underpins NCTM’s (2000)
Standards document.

1.5. Mathematical fidelity

According to Zbiek, Heid, Blume, & Dick, 2007, p. 1174, ‘‘In order
to function effectively as a representation of a mathematical
‘‘object,” the characteristic of a technology-generated external rep-
resentation must be faithful to the underlying mathematical prop-
erties of that object.” Mathematical fidelity in terms of technology
refers to an object’s conformity to mathematical accuracy and ad-
dresses the faithfulness of the embodiment with regards to the
behavior and properties of the chosen mathematical concepts
(Johnson, 2007). When referring to the mathematical correctness
of technology, Dick (2008) refers to the technical disconnects be-
tween what is mathematically correct and what is mathematically
possible with technology. He refers to errors in representations due
to technology limitations or when ease of use is more important
than faithfulness to mathematical structure. This we can see in
the modeling of continuous phenomena with discrete structures,
or simply in interpretation of expressions such 3x2 as (3x)2 or
3(x)2 or sin 2x as (sin 2)x or sin(2x) (p. 335). The robustness of
the technology is examined to determine mathematical fidelity.

Mathematical fidelity also addresses the issue of what we con-
sider mathematics to be. Steen’s (1988) commonly accepted defini-
tion of mathematics supports a view of mathematics that lends
itself to the strengths of technology and the connection can easily
be made to why mathematics is suited to an interactive environ-
ment. According to Steen (1988):

Mathematics involves, observing, representing and investigat-
ing patterns and relationships in social and physical phenom-
ena and between mathematical objects themselves:
Mathematics is often defined as the science of space and num-
ber . . . [but] a more apt definition is that mathematics is the sci-
ence of patterns. The mathematician seeks patterns in number,
in space, in science, in computers, and in imagination. (p. 616).

1.6. Cognitive fidelity

Cognitive fidelity refers to whether a concept is better under-
stood when the object is acted on. Because of action performed
on it, it makes sense and adds depth of understanding and mean-
ingful schema to the concept. Cognitive fidelity is defined by
Moyer-Packenham, Salkind, and Bolyard (2008) as to how well
the virtual tools reflect the user’s cognitive actions and possible
choices while using the tool in the virtual environment. Technol-
ogy offers hope for making abstract mathematical ideas more con-
crete for learners (Kaput, 1992, p. 529; Lester, 2000, p. 2).
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Interactive mathematical objects as cognitive tools may reduce
cognitive responsibilities by taking over some of the more mun-
dane elements of a task (Connell, 2001; Kieran, Boileau, & Garancon
1996; Lajoie, 1993; Surgue, 2000) and thus help higher order
thinking and hypothesis testing. A high degree of mathematical
and cognitive fidelity occurs when representations created by the
technology are true to the mathematical concept and are used in
such a way as to assure understanding. Both forms of fidelity go be-
yond recall, instantaneous responses, to the evolution of ideas
through thoughtful conjectures and pattern recognition. A new
tool or way of understanding is developed when a high degree of
pedagogical mathematical and cognitive fidelity is applied, and
this understanding can be used in many ways and expanded on
to create new knowledge (Sfard, 1991).

1.7. Fidelity applied to web-based technology

As applied to Web-based technology (WBT), pedagogical,
mathematical, and cognitive fidelity place a new dimension of
responsibility on the mathematics teacher (Wilson, 2008). Not
all technologies lead to a high degree of pedagogical, mathemat-
ical and cognitive fidelity; and, the assumption of using technol-
ogy for the sake of interactivity and novelty is not enough to
satisfy today’s standards. The National Council of Teacher of
Mathematics (NCTM, 2000) believes technology’s power lies in
its ability to ‘make and test conjectures and strengthen higher
levels of generalizing or abstraction.’ WBTs, advocated by NCTM,
are mathematically accurate and authentic, not contrived, allow-
ing context to flow in a logical, natural, and emerging fashion.
With limited time and resources the importance of carefully cho-
sen WBT that lead to conceptual understanding takes on added
importance. Though it serves a purpose, using WBT to develop
skills through drill and practice does not lead to concept devel-
opment (Carpenter & Lehrer, 1999, p. 26). Mathematical skills
are quickly calculated using technology, but their lasting cogni-
tive structure that can be applied and repurposed requires a
higher level of thinking. It requires redirecting teachers to in-
struct with technology differently, and not just use for practicing
mathematical processes (Wilson, 2008). Where the skill-based
use of mathematics was the basis for mathematics taught in
the past (Vinner & Dreyfus, 1989, and Rachlin, Matsumoto, &
Wada, 1988), with cognitive development a focus, we now look
at applying concepts at a deeper level of understanding. Because
the mathematics used in the work force today relies on problem
solving and reasoning, the use of cognitively driven technology,
technology with high mathematical and cognitive fidelity, is
more important than ever before (AMTE, 2006).

1.8. Rating fidelity

Mathematical and cognitive fidelity of a WBT can be determined
by rated them on a scale of low to high. The mathematical represen-
tation of a Website low in fidelity has misconceptions which create
confusion. The representation is static and lacks manipulability or
usability. Typically the representation is contrived and does not
have conceptual development and depth. Directions are not avail-
able or limited and fail to yield connections or transitions. The re-
sult generates one answer at best; making conjectures, and being
able to test them is not an option. Medium fidelity is used to label
a representation that has somewhat misleading representations
and requires more direction, or the directions lack intuitive connec-
tions. Some representations make sense but need to be more con-
sistent and reliable. Transitions are made using trial and error,
yet lack clarity. Conjectures are based on emerging patterns, but
testing is not possible. High fidelity has accurate representations
that are easy to manipulate, and intuitive rather than contrived.

Transitions appear in a logical, sense making sequence with multi-
ple interpretations possible. Conjecturing and problem solving are
encouraged and conjectures are testable. Since web-based mathe-
matical sites vary in usability, and mathematical and cognitive
fidelity, the variance is best represented by a sliding scale rather
than a black or white, fidelity or no fidelity rating. (See Table 1, de-
grees of mathematical and cognitive fidelity.)

2. Purpose of web-based technology

Moreno-Armella, Hegedus, and Kaput (2008) suggest that the
evolutionary transition from static to dynamic inscriptions, and
hence new forms of symbolic thinking, can be modeled through
five stages of development, each they believe will be evident in
mathematics classrooms in the 21st century (pp. 101–102). The
evolutionary stages correspond to the emerging purposes of web-
based technology and how they evolved, suggesting that we use
the more dynamic formats to maximize the effects of technology
on the teaching and learning processes.

2.1. Stage 1. Static state, and Stage 2. Static kinesthetic/aesthetic

In Stage 1, the static state, the inscription is ‘‘hardened” or
‘‘fused” with the media it is presented upon or within. Even
though this historically has been how ancient writing was pre-
served (e.g., cuneiform art, bone markings) it is also the descrip-
tion of many textbooks and handouts from printers in today’s
classroom. In this sense, it is inert.
With Stage 2, static kinesthetic/aesthetic, the advance of scribe-
able implements and the co-evolution of reusable media to
inscribe upon, we enter a second stage of use, categorized by
erasability. But, this new form, albeit static, affords a more kin-
esthetic inscription. (Moreno-Armella et al., 2008, pp. 101–102).

In the static stage of web development the environment also
served to convey information in an inert state without the dynam-
ics we know today. Information has stayed as a standard product of
the Web. Searches make it possible to access a wide variety of
information and answer many questions. With hyperlinks the
capacity of an informational technology-driven object increases.
Sites become reusable, returnable, as accessibility improves. Still
information is usually one dimensional with possible links to other
sources. It functions to supply information and answer questions
but lacks the type of interactivity that connects different represen-
tations and there is no direct application (Kamthan, 1999). See
http://math2.org/math/algebra/conics.htm.

2.2. Stage 3. Static computational

As the media within which the notation system is processed
and presented changes, we observe a third stage of evolution.
Here presentations (e.g., graph-plotting) are artifacts of a com-
putational response to a human’s action. The intentional acts of
a human are computationally refined. A simple example is a cal-
culator where the notation system is processed within the
media and presented as a static representation of the user’s
input or interaction with the device. (Moreno-Armella et al.,
2008, p. 102).

This stage is reflective of websites formatted to provide calcu-
lated information where the user inputs a value and it generates
an output value. A site calculates the total cost of an auto loan
when down payment, interest, and length of loan are entered.
These sites are helpful and informational. The logic and reasoning
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behind the calculation of the outputted value are not self evident.
Mathematical understanding is not the purpose of this format. It
works to supply static information, within limited action. See
http://www.csgnetwork.com/circlecalc.html.

2.3. Stage 4. Discrete dynamic

As computational affordances make the medium less static, and
user interactions become more fluid, the media within which
notations can be expressed becomes more plastic and mallea-
ble. The co-action between user and environment can exist. This
process of presentation and examination is discrete. For exam-
ple, a spreadsheet offers an environment within which a user
can work to represent a set of data by different intentional acts,
e.g., ‘‘create a” list, ‘‘chart a” graph, ‘‘calculate a” regression line,
or checking for understanding by inputting values. Yet the
media is still dynamic, as it is malleable, and re-animates nota-
tions and expressions on discrete inputs. (Moreno-Armella
et al., 2008, p. 102).

As the static site becomes more interactive and dynamic, the
presentation and examination remains discrete. A quiz or game
format is an example of this type of website. In either format a re-
sponse is checked against a pre-programmed correct answer. The
interaction is more fluid and different notations can be used, but
the input is still static and discrete. The interaction’s narrow range
of responses results in either a right or wrong answer and the num-
ber of correct responses or number of incorrect answers are re-
corded to determine the score. Though the visual presentation
may be artistic and attention getting it is still discrete and lack
dynamics. Open ended questions and free responses are not
possible.

Emphasis is on winning, beating another participant or previous
score. Often with gaming formats importance is put on speed
rather than accuracy and the learning objective is minimized by
the desire to win. Though no time for reflective analysis is allowed,
many feel gaming has the potential to dramatically change educa-
tion (Gee, 2003; Jenkins & Squire, 2004; Prensky, 2001; Squire,
2006), yet no empirical studies have shown gaming environments
increase academic achievement. Whether in a quiz or game format,
the purpose is to assess and dynamic interactivity is still limited
(Kamthan, 1999). See http://www.math-play.com/Equation/Equa-
tion-Game-Online.html for game examples and http://www.sask-
schools.ca/curr_content/mathc30/Unit5a/Quiz5.htm for quiz
format.

2.4. Stage 5. Continuous dynamic

This stage builds on the previous stage by being sensitive to kin-
esthetic input or co-action, to make sense of physical force, or
gestural interaction through space and time. . . The natures of
mathematical symbols have evolved in recent years from static,
inert inscriptions to dynamic objects or diagrams that are con-
structible, manipulable and interactive. Learners are now in a
position to constitute mathematical signs and symbols into per-
sonally identifiable objects, and systems of objects. The evolu-
tion of a mathematical reference field can now be an active
process that learners and pedagogues can both assist in. Hence,
the reference field has the potential to coevolve with human
symbolic thinking. (Moreno-Armella et al., 2008, pp. 102–103).

When an interactive math object is used effectively on a web-
page it merges the best from each of the other four webpage for-
mats. With Web-based math objects, information is exchanged

and calculation capabilities are expanded upon. In a game format
emphasis is put on winning and in the quiz format we are checking
for understanding; the math object’s purpose is to develop obser-
vable relationships and predictable patterns that are applied in
similar situations. Interactive math objects can involve increasing
or decreasing values, changing frequencies or other variations.
Through multiple responses and multiple representations mathe-
matical patterns are revealed and tested. See the website http://
www.shodor.org/interactivate/activities/ConicFlyer/?version=1.6.0_
07&browser=MSIE&vendor=Sun_Microsystems_Inc.

Fully developed math objects rely on multiple representations,
opportunity to explore and test different relationships. It is more
than a simple virtual manipulative patterned after a physical
manipulative. WBT math objects are built on ‘‘action on object”
theory that believes conceptual understanding of an abstract con-
cept is based on process (doing) merging with an object (represen-
tation, mental or physical) (Connell, 2001; Batanero & Godino,
2005). When students learn a new concept, the emphasis is on pro-
cess (Gray & Tall, 1994). Students tend to calculate, perform proce-
dures and learn the algorithm – in another word, do. Activity is
directly integrated into the learning process. The process then re-
peats itself as the abstract object becomes so well defined and reif-
icated that it becomes a manipulative object that can be acted
upon. Sfard and Linchevski (1994) used the word reification for this
integration and Dubinsky (1991) refers to encapsulation of process.
Dubinsky (1991) states that encapsulation of processes into objects
is an important step in reflective abstraction. By continuing to
manipulate the math object, exploring, conjecturing, and testing,
understanding is deepened.

Of all the Webpage formats, the interactive math object, when
developed to its fullest potential, rates the highest on our scale of
mathematical and cognitive fidelity. In turn, this implies that more
of an instructional impact is possible when interactive math ob-
jects are used to teach conceptual relationships. Gaming has the
interactive ‘‘doing” piece but building a conceptual model or men-
tal object requires a more focused environment served best by a
math object. Hopes for gaming transitioning to a mathematical
learning environment rest in moving beyond a fast paced, fan-
tasy-like, competitive setting, to an interactive math object where
sense making is the goal. The co-action between user and environ-
ment is interconnected when an interactive math object is fully
developed.

3. TI Interactive study

To determine the effect of technology high in pedagogical,
mathematical and cognitive fidelity, a recent study reveals when
interactive math object formats with a high level of fidelity are
used mathematical achievement can improve. Ninety-five low
achieving high school students studying quadratic functions were
studied to determine whether an interactive series of Texas Instru-
ments (TI) InterActive lessons on quadratic functions with high
pedagogical, mathematical and cognitive fidelity would increase
mathematical achievement as shown by the state mandated Test
of Knowledge and Skills (TAKS) Mathematics Test.

4. Methodology

4.1. Research design

The intent of this research study is to describe the effect of the
Texas Instruments (TI) InterActive instructional environment with
a high degree of pedagogical, mathematical, and cognitive fidelity
on the mathematical achievement of 11th grade Mathematics
Models with Application students when studying quadratic func-
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tions. A quasi-experimental pretest–posttest control group re-
search design was used to test the hypothesis of the study. Accord-
ing to Gall, Gall, and Borg (2003), an experimental study is the
most powerful research method for establishing cause and effect
relationships between two or more variables. This design was se-
lected because the study is intended to examine a cause–effect
relationship, and because it is possible to manipulate a variable,
and utilizes a control group and pretest. The use of the pretest
scores as the covariate allowed posttest differences rather than ini-
tial differences to be attributed to Experimental differences and
not extraneous variables.

4.2. Participants

Participants for this study were drawn from the population of
students in two districts, one in the greater Houston area and the
other in the Dallas area, enrolled in Mathematics Models with Appli-
cations. To be enrolled in this course, according to school district pol-
icy, a student received either a D or F in their previous geometry
mathematics class. The sample included 19 class groups and 95 stu-
dents. The classes were divided into two groups, an experimental
group and control group. Ten classes were in the experimental group
and 9 classes in the control group. Forty-eight students were in the
experimental group, and 47 students in the control group. To qualify
for the study each student had to be classified as an at-risk 11th
grade Mathematics Models with Application student, attend at least
6 of the 8 lessons on quadratic functions, and take the Exit Level
Texas Assessment of Knowledge and Skills. The class size ranged
from 10 to 24 students, and averaged 15 students a class.

4.3. Instrumentation

The dependent variable, mathematical achievement, was mea-
sured by using objective 5, quadratic functions, scores from the
Texas Assessment of Knowledge and Skills Exit Level Mathematics
Test. The covariate was determined by using the pretest, Texas
Assessment of Knowledge and Skills Grade 10 Mathematics, scores
for objective 5, quadratic functions. The scores range from 0 to 5, 5
being the highest possible score. These instruments are criterion-
referenced and have been administered since 2003. The TAKS Exit
Level Test for Mathematics and TAKS Grade 10 Mathematics Test
were chosen because they are criterion-referenced, and because
of the tests potential impact on students’ graduation, and school
and school districts accountability.

Content validity for both instruments is reviewed each year and
includes an annual educator review, revision of all proposed test
items before field-testing, and a second annual educator review
of data and items after field-testing. In addition, each year panels
of recognized experts in the fields of mathematics meet in Austin,
Texas to critically review the content validity of each of the high
school level TAKS assessments to be administered that year. This
critical review is referred to as a content validation review and is
one of the final activities in a series of quality-control steps de-
signed to ensure that each high school test is of the highest quality
possible. For internal consistency, the Kuder–Richardson Formula
20 was used with reliabilities in the .80s and .90s (Texas Education
Agency, 2007a, 2007b). Internal consistency and standard error of
measurement specifically for objective 5 were not available from
the Texas Education Agency.

4.4. Treatment

The Experimental Group received instruction on quadratic func-
tions in the computer lab using the features of Texas Instrument
InterActive instructional environment which are characterized by

high levels of pedagogical, mathematical, and cognitive fidelity as
determined by eight university mathematics department instruc-
tors who use the rating system previously discussed (Table 1).
Math objects were developed by constructing and deconstructing,
testing, and revising to understand the patterns and structure of
the ideas. As the student tried new iterations of a pattern he/she
observed relationships that were predictable and then applied
them in different situations. Texas Instruments InterActive instruc-
tional environment’s ability to generate fluency, create and modify
representational forms was used to develop the dimensionality of a
quadratic function through exploration, problem solving, and
through making and exploring virtual environments.

In five of the six lessons, students manipulated an interactive
graph and table by changing values using a slider or interactive
math box. Different graphs appeared with each increased or de-
creased value. Questions guided students to observe changes on
both graph and table and directed students attention to what
changes needed to be observed. The follow up activity displayed
stationary points and students were asked to enter a value for
the variable that altered the equation which would change the cor-
responding parabola to eventually include all the given points. The
primary feature of five of the six lessons was the manipulation of
mathematical objects that took on a new structure and meaning
with each activity.

During the eight days of instruction for 55 min each day, the
Experimental Groups worked on six lessons designed by the re-
searcher in the computer lab. Lessons focused on the Texas Essen-
tial Knowledge and Skills (TEKS) for quadratic functions. The
Control Group received instruction using the same scope and se-
quence derived from the TEKS with more of an emphasis on lec-
ture, taking scripted notes, drill and practice in the form of
graphing equations on graph paper and making assumptions about
the graphs. The Control Group stayed in intact classrooms which
were a hallway apart from the computer lab. Students in both
groups were encouraged to discuss their work with each other.

4.5. Fidelity of treatment

In order to insure treatment fidelity, teachers’ lesson plans and
the official student records were used to verify that: (1) students in
both Experimental Groups and in the Control Groups were in
attendance for at least six of the eight instructional sessions; (2)
students in the Experimental Group received instructions as stated
above; and (3) students in the Control Group did not receive
instruction using virtual interactive math objects with high levels
of pedagogical, mathematical, and cognitive fidelity.

4.6. Data collection procedures

Following approval by the Committee for the Protection of Hu-
man Subjects at the institutions involved, the data were obtained
by the researcher from the teacher. The teachers assigned each stu-
dent a number. For the first study of data, the April 2005 objective
5, quadratic functions, scores from TAKS Exit Level Mathematics
Test; and, the April 2004 objective 5, quadratic functions, scores
from the TAKS Grade 10 Mathematics Test were accessed by the
teachers through the district’s secure electronic assessment web-
site for each participating student. Scores were recorded as well
as whether each student meet the attendance requirement, which
group the student was in, and whether the student was classified
as being at-risk. The second collection of data occurred two years
later with the April 2007 objective 5, quadratic functions, scores
from the TAKS Exit Level Mathematics Test, and the April 2006
objective 5, quadratic functions, scores from the TAKS grade 10
Mathematics Test accessed by district personnel to record needed
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data. The same data were collected as well as ethnicity, gender, and
whether students were classified as Limited English Proficient
(LEP). No personal identifiers were used.

4.7. Limitations

The method of selecting the sample may not have produced a
random sample. Hence, there may be a selection problem since a
convenient sample was taken. However, all Mathematics Model
with Application students at each high school were used to
minimize this risk. The limited number of participants may have
jeopardized the validity of the test and its generalizeability, yet
the target group for this study is small but significant as to a
school’s accountability according to ‘‘No Child Left Behind”
legislation.

5. Results

The research question addressed in this study stated: What is
the effect of a virtual TI InterActive instructional environment with
math objects characterized by a high degree of pedagogical, math-
ematical, and cognitive fidelity on the mathematical achievement
of eleventh grade low achieving students when studying quadratic
functions? In addressing this research question the study tested
the following directional research hypothesis based on previously
mentioned research: The mathematical achievement of eleventh
grade low achieving student when studying quadratic functions
that use TI InterActive instructional environment, which includes
math objects with high degree of pedagogical, mathematical, and
cognitive fidelity, is statistically significantly greater than the
mathematical achievement of eleventh grade low achieving stu-
dents when studying quadratic functions who do not use TI Inter-
Active instructional environment, but use a traditional lecture,
notes, drill, and practice approach.

The results from the Means Table (See Table 2) deserve a closer
look.

Upon visual inspection of means a potential significant differ-
ence is noticed with 3.21 as the mean for the Experimental Group
and 2.25 as the mean for the Control Group. The standard devia-
tions, also found in the descriptive statistics, are close in value
(1.13, l.30) indicating similar patterns of deviation which strength-
ens the argument for use of an analysis of covariance. The analysis
of covariance shows the experimental group was statistically sig-
nificant with a F(1,95) = 11.56, df = 1, and p < .001 and etal = .112.

The Levene’s Test of Equality of Error Variances, which tests the
null hypothesis by determining if the error variance of the depen-
dent variable is equal across groups,

F(1,95) = .793, p = .387, showed that it was not statistically sig-
nificant, therefore the equality of variance considerations is not ru-
led out.

To summarize, the adjusted mean obtained for the Experimen-
tal Group (3.21) was statistically significantly higher than the ad-
justed mean obtained for the Control Group (2.42), and the
significant differences in adjusted means are attributed to the post-
test variances between groups. Therefore, the directional research
hypothesis is accepted.

The results indicate a strong statistical significance and an effect
size of .64 (Cohen, 1988). The direction of these findings is signifi-
cant and supports the need for teachers to use TI InterActive
instructional environment and similar applications with high ped-
agogical, cognitive, and mathematical fidelity to improve mathe-
matical achievement.

5.1. Interpretation

The mathematical achievement of 11th grade low achieving
students when studying quadratic functions who use TI InterActive
instructional environment with math objects of high degree of
pedagogical, mathematical, and pedagogical fidelity is statistically
significantly greater than the mathematical achievement of 11th
grade low achieving students when studying quadratic functions
who do not use TI InterActive instructional environment, but use
a traditional lecture, notes, drill, and practice approach. Indeed,
inasmuch as the obtained effect size (d = +0.68) is over +0.33, it
can also be argued that the difference favoring the students who
used TI InterActive instructional environment with math objects
high in pedagogical, mathematical, and cognitive fidelity is educa-
tionally significant. The TI InterActive instructional environment,
with math objects with a high in pedagogical, mathematical and
cognitive fidelity, according to the finding of this study facilities
the conceptualization of quadratic function for eleventh grade at-
risk high school students enrolled in Mathematics Models with
Application classes as demonstrated by performance on the TAKS
Exit Level Mathematics Test.

5.2. Implications

The results of this study strongly suggest that using TI InterAc-
tive instructional environment when teaching quadratic functions
with at-risk eleventh grade students increases mathematical
achievement on objective 5, quadratic functions, of the TAKS Exit

Table 2
Means table for TI InterActive study.

Group N Pretest Posttest Adjusted

Mean SD Mean SD Mean d

Experimental 22 2.46 1.09 3.21 1.13 3.21 +0.68
Control 21 2.46 1.12 2.25 1.30 2.42
Total 43 2.46 1.10 2.82 1.27

Table 1
Pedagogical, mathematical, and cognitive fidelity chart to determine degree of fidelity.

Low fidelity Medium fidelity High fidelity

Pedagogical Manipulation is difficult and hard to work with.
Technology is hard to access. Not intuitive,
confusing to use. Not appropriate for the concept
being taught

Manipulation is not intuitive, but after
reading the directions it is doable. May be
easier to do without the technology

Mathematical manipulation is doable, technology is
available and encourages active participation,
requires little or no training. Math objects are
appropriate for activity

Mathematical Mathematical concepts either too simplistic or too
complicated. Patterns are not revealed. Leads to rote
memorizing rather than conceptual understanding.
Not applicable to real world

Patterns lack predictability. Mathematical
significance is minimal. Application of
mathematics unclear

Mathematically correct. Maximizes the use of
patterns. Believable and livable use of mathematics

Cognitive Static no opportunities to explore and test
conjectures. Patterns do not make sense. Confusing
and unyielding

Limited opportunity to explore and test
patterns. Patterns require either minimal
or too much manipulation to make sense
of concept

Math objects can be used to construct and
deconstruct, test, and revise to understand the
patterns and structure of concepts. Manipulating the
patterns lead to great depth of understanding
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Mathematics Test. Because the math objects used by TI InterActive
instructional environment are high in pedagogical, mathematical,
and cognitive fidelity we can imply that similar math objects
may also improve mathematical achievement if used appropri-
ately. Through the results of this study we can assume that stu-
dents who struggle with abstract algebraic concept when given
an opportunity to manipulate and explore various well defined
math objects in a problem solving environment where the empha-
sis is on conceptual development, learning occurs. We may also
imply from the findings that teachers need to be trained to dis-
criminate between dynamic objects and math objects high in ped-
agogical, mathematical and cognitive fidelity to assure their use of
technology will enhance learning.

5.3. Recommendations for further study

Further research is needed to determine characteristics and
uses of technology that will create environments where learning
can take place. Computer based technology with high levels of ped-
agogical, mathematical, and cognitive fidelity should be studied
both qualitatively and quantitatively to determine its effect on
instruction, student attitudes, and academic achievement. Teacher
training based on developing lessons built on pedagogical, mathe-
matical, and cognitive fidelity using math objects should be devel-
oped and tested for mathematics teachers to use.

The increased use of technology is teamed with a growing ur-
gency to encourage student dialogue within this environment
and within the mathematic classroom (Sfard, 2008; Valero,
2008). Technology should be studied as to ways it can encourage
dialogue and provide a means to communicate about dynamic
relationships. Also from the NCTM’s high school focal points
(2008) a firm unified direction emphasizing reasoning and sense
making can be equally tied to the need for mathematical dialogue
and strengthening the sense making capacity of technology.

6. Conclusion

With all the options available on the World Wide Web and with
the computer environment, teachers have a responsibility to care-
fully select technology to use in their math classrooms (AMTE,
2006). A conscious approach would suggest teachers choose sites
high in pedagogical, mathematical, and cognitive fidelity. Unfortu-
nately most sites focus on drill and practice, or the transfer of infor-
mation; and though they may serve an instructional purpose, their
pedagogical, mathematical, and cognitive value is limited (Vinner
& Dreyfus, 1989; Rachlin et al., 1988). What we know is conceptual
development rests more in being able to explore patterns, make
conjectures and test the conjectures (Shaffer & Kaput, 1999). With
technology this is possible. When NCTM (2000) endorsed technol-
ogy as a Principle, as part of the Principles and Standards, they fore-
saw its use to promote mathematical thought through reasoning,
justification, and proof. Though technology’s claim as a mind tool
has not been fully fulfilled (Jonassen, 1996), its potential is still a
possibility if used responsibly. If math is seen as problem solving
and thoughtfully teamed with technology, deep conceptual learn-
ing can be a reality.
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