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Abstract: Let G be a finite group and πe (G) = {o(g) | g ∈ G}, that is, the set of
all element orders for G. In 1987, we put forward the following conjecture:
Conjecture. All finite simple groups G can be determined uniformly using their
orders |G| and their element orders πe (G).
Now this conjecture was proved and became a theorem. A problem related to the
above conjecture is the following open problem put forward by J.G. Thompson in
1987: For each finite group G and each integer d ≥ 1, let G(d) = {x ∈ G; xd = 1}.
Definition. G1 and G2 are of the same order type if and only if |G1 (d)| = |G2 (d)|,
d = 1, 2, · · · .
Thompson’s Problem. Suppose G1 and G2 are of the same order type. Suppose also
that G1 is solvable. Is it true that G2 is also necessarily solvable?
In Thompson’s letter he pointed out that “The problem arose initially in the study
of algebraic number fields, and is of considerable interest”.
Another Thompson’s conjecture, which was also aim at characterizing all finite simple groups by a quantity set, was posed in 1988, which appeared in another communication letter to the author:
If G is a finite group, set N (G) = {n ∈ Z + , G has a conjugacy class C with C = n}.
Thompson’s Conjecture. If G and M are finite groups and N (G) = N (M ), and if
in addition, M is a non-Abelian simple group while the center of G is 1, then G and
M are isomorphic.

In this talk we will discuss the above Thompson’s problem and Thompson’s conjecture.
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